Introduction
Deterministic global optimization of mixed-integer nonlinear programs (MINLP) is broadly applicable in diverse domains ranging from molecular biology to refinery operations to computational chemistry to synthesizing sustainable processes [17, 24, 50-52, 54, 63, 64, 101, 103, 136] . Our recent work developed solution strategies for two classes of deterministic global optimization problems: mixed-integer quadratically constrained quadratic programs (MIQCQP) and mixed-integer signomial optimization problems (MISO) [102, 104, 105, 107] . A software implementation illustrated and validated the proposed MIQCQP and MISO computational frameworks; we further collaborated with the GAMS Development Corporation to publicly release the MIQCQP framework as the Global Mixed-Integer Quadratic Optimizer (GloMIQO; first available in GAMS 23.8). GloMIQO has been subsequently used for applications including: optimal crystal orientation [62] ; multiperiod blend scheduling [75, 76] ; network flow [131] ; water network design [35, 73] ; cutting ellipses from areaminimizing rectangles [69] .
This manuscript presents ANTIGONE (Algorithms for coNTinuous / Integer Global Optimization of Nonlinear Expressions; first available in GAMS 24.1), a computational framework and associated software implementation for globally optimizing nonconvex MINLP.
ANTIGONE integrates our previous MIQCQP [102, 104, 107] and MISO [105] work into a cohesive whole; ANTIGONE further generalizes the computational framework to include exponential and logarithmic functions.
The purpose of this paper is to show how the extensible structure of ANTIGONE realizes the MIQCQP and MISO computational frameworks [102, 104, 105, 107] . Section 2 defines MINLP and mentions several MINLP global optimization solvers. We develop ANTIGONE in Section 3 as a global optimization framework exploiting an array of special mathematical structure components. Section 3 may be read as a type of critical literature review; the intellectual contribution is the way ANTIGONE ties together its many constitutive This manuscript refers exclusively to the functional forms f m presented in Table 1 , but note that the ANTIGONE software implementation addresses a wider set of terms through preprocessing transformations. For example, ANTIGONE transforms logarithms of base b into natural logarithms using the transformation log b (x) = log(x)/ log(b) and changes powers with constant base b into exponents (b x = e log(b)·x ).
Global optimization of MINLP is a topic of active research. We therefore limit ourselves to mentioning several excellent review articles and texts [17, 24, 40, 49-52, 54, 63, 64, 101, 103, 113, 136, 145] and hereafter discuss the items most relevant to ANTIGONE.
The C++ implementation of ANTIGONE belongs to the class of numerical optimization software addressing MINLP; refer to the review of Bussieck and Vigerske [26] for complete treatment. The existing numerical solvers most relevant to ANTIGONE are: aBB [4, 5, 10, 50, 93] ; BARON [136] [137] [138] ; Couenne [16, 88] ; GloMIQO [102, 104, 107] ; LINDO [58, 85] ;
SCIP [1, 3, 18, 19, 145] ; SGO [89] [90] [91] [92] . ANTIGONE performs equivalently to GloMIQO [102, 104, 107] when all nonlinearities in MINLP are quadratic.
Global optimization Framework
The overarching structure of the ANTIGONE framework is diagrammed in Figure 1 ; Figure   2 illustrates the inheritance structure of four major ANTIGONE base classes. Sections 3.1 -3.3 describe the component parts of: reformulating input; finding special mathematical structure; branch-and-cut global optimization.
Reformulating User Input
Like aBB [4, 5, 10, 50, 93] and SGO [89] [90] [91] [92] , ANTIGONE emphasizes term-based underestimators [105] . ANTIGONE therefore begins by reformulating the user-defined MINLP Fig. 1 : Given user-defined MINLP, the framework reformulates the model, detects special mathematical structure, solves the optimization problem, and returns the model with respect to the original variables so that each equation is expressed as a sum of the terms outlined in Table 1 . As mentioned in Section 2, ANTIGONE will equivalently rewrite the bases of powers and logarithms to reach the terms in Table 1 . For more complex terms, ANTIGONE introduces auxiliary variables [16, 57, 130, [136] [137] [138] 145] ; this strategy is in contrast to systems exclusively using underestimators that do not introduce auxiliary variables [4, 5, 92, 95, 108] . is designed in recognition of an accelerating trend towards developing good underestimators for very specific terms (e.g., [32, 61, 71, 72, 83, 86, 89, 91, 93, 94, 98-100, 116, 129, 132-136, 139] ). Every term needs to know its: participating variable(s); regions of convexity/concavity and edge-convexity/edge-concavity; partial derivatives; etc. The polymorphic strategy illustrated in Figure 2 (a) allows us to easily integrate many disparate term types into a single framework; we also avoid duplicating code for similar types. Observe that specialized terms which are not at this writing integrated into the framework (e.g., [61, 71, 72, 86, 129, 139] ) could be easily added to Figure 2 (a); we anticipate further advances in the area of term-specific underestimators and have architected ANTIGONE accordingly.
The only three term types in Figure 2 (a) not analyzed in the open literature are the composite univariate terms (exponential; fractional; logarithmic). These composite terms regularly appear in standard libraries: GLOBALLib (e.g., arki0018, chem, ex6 1 1, ex6 1 2, ex14 1 8, filter); MINLPLib (contvar); AMPL Book Library (nltrans); PrincetonLib (e.g., bigbank, s367, s377). ANTIGONE knows analytic expressions for the second derivatives of these special composite terms and performs interval arithmetic on After transforming the initial user-defined MINLP to an equivalent MINLP that exclusively uses the terms in Table 1 , ANTIGONE performs all of the GloMIQO [102, 104, 107] and the MISO framework [105] reformulations. The only major additions to the reformulation strategies specifically address exponential and logarithmic functions. As in the MISO frame-work [105] , one goal of reformulation is to flatten the expression tree (i.e., find equivalent functional forms with fewer layers of auxiliary variables). ANTIGONE eliminates a level from a typical factorable programming tree with each of the following two reformulations:
Flatten Logarithms
Elucidating Special Mathematical Structure
After reformulating the user-defined MINLP, ANTIGONE detects special mathematical structure that it will exploit in the branch-and-cut phase (Section 3.3). The types of special structure that ANTIGONE considers are: reformulation-linearization technique (RLT) equations; convexity/concavity; edge-convexity/edge-concavity; aBB relaxations; term-specific underestimators. Our previous work has shown how to find and use these components [102, 104, 105, 107] . To summarize:
-RLT multiplies every pairwise combination of: variables; nonlinear terms; equations [14, 84, 104, 105, 107, [124] [125] [126] [127] [128] . ANTIGONE saves the combinations that do not introduce new terms into the model formulation and updates these equations at every node of the branch-and-cut tree. Special RLT equations are added directly to the model formulation; other RLT equations are used as cutting planes and integrated into the feasibilitybased bounds tightening routines [102, 104, 105, 107] . -Convexity/Concavity permits the easy generation of a cutting plane at a pointx:
Based on interval arithmetic, terms and multi-term expressions are labeled as always/ sometimes/never convex/concave; this information is used in the branch-and-cut phase [105, 107] .
-Edge-Convexity/Edge-Concavity implies a vertex polyhedral envelope; ANTIGONE labels terms and multi-term expressions as always/sometimes/never edge-convex/edgeconcave by applying interval arithmetic to a simple test of Tardella [100, [132] [133] [134] .
-aBB underestimators convexify an expression with univariate quadratics [4, 5, 10, 50, 93] ; ANTIGONE uses aBB to relax aggregates of bilinear terms [13, 107] .
-Term-Specific Underestimators are outlined in Table 1. ANTIGONE organizes the special structure analysis of individual equations using the data structure expression; Figure 2 (b) depicts the inheritance structure of this base class.
Each expression object is a list of terms and associated coefficients; each equation also contains a list of multi-term expression objects forming disjoint vertex sets in the graph representation of the equation. The class RLT equation is derived from equation; its coefficients may change from node to node of the branch-and-cut tree. Objects of type cutting plane may be developed at any node of the branch-and-cut tree; a cutting plane knows the node at which it was created and whether it is globally or locally valid (i.e., whether it may be applied to any node of the branch-and-cut tree or not). For semidefinite programminglike relaxations (see [107] ), ANTIGONE also maintains an object with knowledge of every nonlinear term in the MINLP.
Branch-and-cut Global optimization
After the reformulation and special structure detection phases, ANTIGONE initiates a branchand-cut global optimization algorithm that: generates tight convex underestimators; dynamically generates separating hyperplanes; bounds the variables [4, 5, 10, 14, 16, 43, 44, 77, 118, 119, 127, 128] ; branches on the search space [2, 16] ; finds feasible solutions. This strategy is entirely equivalent to our MISO framework [105] ; the additional term types in ANTIGONE do not alter the branch-and-cut implementation because the branch-and-cut phase communicates with the term base class rather than with each individual term type.
Refer to the book of Floudas [50] for complete treatment.
If ANTIGONE finds, in preprocessing, that an NLP is convex, it will activate a local NLP solver at the root node of the branch-and-cut tree and consider a certificate of optimality from a local solver to be the global optimum. ANTIGONE detects convexity in individual terms and aggregates of quadratic terms; it does not, at this writing, apply function composition rules or symbolic methods (e.g, [56, 111, 145] ). For convex problems where the local NLP solver does not return a certificate of optimality at the root node, ANTIGONE reverts to its normal branch-and-cut apprach.
In the current software implementation, ANTIGONE interfaces with: CPLEX for LP and MIP relaxations; CONOPT or SNOPT for finding feasible solutions (default: CONOPT); LAPACK [9] for solving linear systems of equations; Boost [22, 23] for validated interval arithmetic. The code is itself built as a library and linked to GAMS via an adaptation of GAMSLinks [88, 144] .
Definition of the MINLP Test Suite
To validate ANTIGONE, Table 2 Table 2 documents their origin.
Testing the Framework
To test the software implementation of the ANTIGONE computational framework, we compared the 2571 test problems outlined in Table 2 We ran each of the 5 · 2571 = 12855 computational experiments under 4 termination criteria: (1) a relative optimality gap e = UB LB |LB|  1 ⇥ 10 6 = 1 ⇥ 10 4 %; (2) an absolute optimality gap e = UB LB = 1 ⇥ 10 6 ; (3) a 7200 s time limit; (4) an iteration limit of 9 · 10 9 . No other parameters were altered from default. Following the recommendation of Dolan and Moré [42] , each of the 5 solvers addressed a test problem successively so as minimize the effect of fluctuating machine load. We performed our computational studies running 64 bit Linux on an Intel Xeon X5650 2.67 GHz processor with 24 GB RAM.
We considered the 2571 test cases outlined in Table 2 ; the results are in Tables 24 -43 (online supplement). After solving each of the 2571 test cases using GAMS, a Perl script asserted the feasibility of the solution returned by each solver. Instances where solvers returned infeasible points were automatically relabeled as failures (fl). Therefore, dashes (-) in columns LB and UB of Tables 24 -43 Comparisons between the solvers are based on performance profiles [42] : t p, s ⌘ Performance metric (e.g., time in seconds) for problem p by solver s 2 S r p, s ⌘ t p, s min t p, s 0 : s 0 2 S 8 p 2 P ; s 2 S r s (t) = 1 n p size p 2 P : r p, s  t Observe in Figure 3 that the strong performance of ANTIGONE across its entire test suite is the compilation of strong performance across multiple test libraries (Figures 4 -9 ). See in Figure 3 Table 3 shows that ANTIGONE terminates with a 2.20% gap; ANTIGONE and SCIP find better feasible solutions than the other solvers. Figure 6 and Tables 28 &   29 in the online supplement present complete results. For example, Table 5 compares solver performance on a phase equilibrium problem ex6 2 9 [53, 96, 97] . The objective function of ex6 2 9 is (in part):
ANTIGONE flattens the expression tree of Equation 2 by distributing the first logarithm across the linear expression 31.483 x 0 + 6 x 1 (see [105] ) and reformulating the second loga- 
where x 2 = 4.827 · x 0 + 0.92 · x 1 is an auxiliary variable. Equation 3 subsequently simplifies:
ANTIGONE replaces the term log x 2 in Equation 4 with another auxiliary variable x 3 so that this portion of the ex6 2 9 objective function has: two bilinear terms (x 0 x 3 ; x 1 x 3 ); one logarithmic term (log x 2 ); one univariate composite logarithmic term that is convex across its entire domain (x 0 · log x 0 ; x 0 2 ⇥ 10 7 , 0.5 ⇤ ).
Using these automatic reformulations, ANTIGONE globally optimizes ex6 2 9 in 19 seconds. If ANTIGONE was implemented differently, it could detect an additional composite term in Equation 2 because 31.483·x 0 +6·x 1 is a constant multiple of 4.827·x 0 +0.92·x 1 .
But see in Table 5 that the existing reformulation strategy is very strong with respect to the other solvers. BARON 12.7.3 mistakes ex6 2 9 for an unbounded problem; Couenne 0.4 is excluded from Table 5 because it incorrectly evaluates the objective function; LINDO 8.0 is more than 100 times slower than ANTIGONE; SCIP 3.0 has a 8% gap at the time limit.
Results: 249 MINLPLib Problems
ANTIGONE performs competitively on the MINLPLib test set; the complete results are in Figure 7 and Tables 34 & 35 in the online supplement. Table 6 shows the strong performance Figure 10 represents the performance of the solvers on the 1397 of the 2571 total test cases with exclusively quadratic nonlinearities; Figure 11 diagrams the 759 of the 2571 total test cases that have only signomial nonlinearities but are not in Figure 10 ; Figure 12 diagrams the remaining instances. From these three figures, it is evident that the strongest component of ANTIGONE is in addressing problems with quadratic nonlinearities. ANTIGONE is equivalent to the MIQCQP solver GloMIQO [102, 104, 107] in the case where all nonlinearities in MINLP are quadratic; ANTIGONE derives the core of its strength from quadratic instances. Figure 13 diagrams the 528 incorporating at least one discrete variable; Figure 14 represents solver performance on the 2048 instances without a discrete variable. Observe that ANTIGONE is strong in both categories. 
Results: Discrete and Continuous Problems

